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The anisotropy in the microwave conductivity of the ortho-II YBa2Cu3O6.50 is studied within the kinetic-
energy driven superconducting mechanism. The ortho-II YBa2Cu3O6.50 is characterized by a periodic alterna-

tive of filled and empty b̂-axis CuO chains. By considering the CuO chain-induced extended anisotropy
impurity scattering, the main features of the anisotropy in the microwave conductivity of the ortho-II
YBa2Cu3O6.50 are reproduced based on the nodal approximation of the quasiparticle excitations and scattering
processes, including the intensity and line shape of the energy and temperature dependences of the â-axis and

b̂-axis microwave conductivities. Our results also confirm that the b̂-axis CuO chain-induced impurity is the
main source of the anisotropy.
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I. INTRODUCTION

Impurity plays a crucial role in determining the behavior
of many measurable properties of cuprate superconductors1

such as the quasiparticle transport in the superconducting
�SC� state. This follows from a fact that the physical proper-
ties of cuprate superconductors in the SC state are extreme
sensitivity to the impurity effect than the conventional super-
conductors due to the finite angular momentum charge-
carrier Cooper pairing with the d-wave symmetry.1 The
single common feature is the presence of the CuO2 plane2

and it seems evident that the unusual behaviors of cuprate
superconductors are dominated by this CuO2 plane.3 Experi-
mentally, over 20 years measurements of electrodynamic
properties at microwave energies have provided rather de-
tailed information on the quasiparticle transport of cuprate
superconductors,4–9 where the nodal quasiparticle spectrum
contains most of the features expected for weak-limit impu-
rity scattering. The early microwave-conductivity
measurements4–7 showed the microwave-conductivity spec-
trum is CuO2-plane isotropic. However, the recent develop-
ment of a sufficient number of fixed-energy cavity perturba-
tion system to map out a coarse microwave-conductivity
spectrum8,9 allowed to resolve additional features in the
microwave-conductivity spectrum. Among these achieve-
ments is the observation of an anisotropy in the microwave-
conductivity spectrum of the highly ordered ortho-II
YBa2Cu3O6.50, where the well-pronounced difference in in-

tensity and line shape in the â-axis and b̂-axis directions is
remarkable.

Although the anisotropy in the microwave-conductivity
spectrum of the ortho-II YBa2Cu3O6.50 is well-established
experimentally,8,9 its full understanding is still a challenging
issue. Theoretically, based on a phenomenological Bardeen-
Cooper-Schrieffer �BCS� formalism with the d-wave SC gap
function, it has been argued in the mean-field level that the
interband transitions produce a strongly anisotropic feature.10

However, it has been shown that the CuO2 bilayer may lead
to two nearly identical contributions to both â-axis and

b̂-axis microwave conductivities8 since the splitting between

bonding and antibonding combinations of the planar wave
functions is expected to be weak.11 In our earlier work12

based on the kinetic-energy driven SC mechanism,13,14 the
effect of the extended impurity-scattering potential on the
quasiparticle transport in the nonortho-II phase of cuprate
superconductors has been discussed within the nodal ap-
proximation of the quasiparticle excitations and scattering
processes, and the obtained energy and temperature depen-
dences of the microwave conductivity are consistent with the
experimental data in the nonortho-II phase of cuprate
superconductors.4–7 In the d-wave SC state of cuprate super-
conductors, the characteristic feature is the existence of four
nodal points ��� /2, �� /2� �in units of inverse lattice con-
stant� in the Brillouin zone,2,15 where the SC gap function
vanishes, therefore the CuO2-plane currents are mainly car-
ried by nodal quasiparticles and the quasiparticle transport
properties of cuprate superconductors in the SC state are
largely governed by the quasiparticle excitations around the
nodes. Since the gap nodes lie close to the diagonals of the
Brillouin zone, these quasiparticle excitations carry both

â-axis and b̂-axis currents, then the microwave conductivity
should be CuO2-plane isotropic. However, the ortho-II
YBa2Cu3O6.50 is a very special cuprate SC material and is
characterized by a periodic alternative of filled and empty

b̂-axis CuO chains.8,9 In particular, the recent experimental

measurements9 unambiguously establish that the b̂-axis CuO
chain-induced impurity is the dominant source of the aniso-
tropy in the microwave-conductivity spectrum of the ortho-II
YBa2Cu3O6.50. This experimental result9 also implies that the

b̂-axis CuO chain in the ortho-II YBa2Cu3O6.50-induced im-
purities lead to an anisotropy of the extended impurity-
scattering potential in the CuO2 planes. In this paper we
show explicitly if the effect of the anisotropy of the extended

impurity-scattering potential induced by the b̂-axis CuO
chain is considered within the kinetic-energy driven SC
mechanism, one can reproduce some main features of the
anisotropy in the microwave-conductivity spectrum
observed8,9 experimentally on the ortho-II YBa2Cu3O6.50.

The rest of this paper is organized as follows. In Sec. II,
we present the basic formalism, where the BSC-type Green’s
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function under the kinetic-energy driven SC mechanism is
dressed via the extended anisotropy impurity scattering.
Within this framework, we calculate explicitly the â-axis and

b̂-axis microwave conductivities based on the nodal approxi-
mation of the quasiparticle excitations and scattering pro-
cesses. The energy and temperature dependences of the

â-axis and b̂-axis microwave conductivities of the ortho-II
YBa2Cu3O6.50 are presented in Sec. III. Section IV is devoted
to a summary.

II. THEORETICAL FRAMEWORK

The basic element of cuprate superconductors is two-
dimensional CuO2 planes2 as mentioned above. It has been
shown that the essential physics of the doped CuO2 plane is
properly accounted by the t-J model on a square lattice,2,3

H = − t�
i�̂�

Ci�
† Ci+�̂� + ��

i�

Ci�
† Ci� + J�

i�̂

Si · Si+�̂, �1�

where �̂= � x̂, �ŷ, Ci�
† �Ci�� is the electron creation �anni-

hilation� operator, Si= �Si
x ,Si

y ,Si
z� is spin operator, and � is

the chemical potential. This t-J model is subject to an impor-
tant local constraint ��Ci�

† Ci��1 to avoid the double
occupancy,3 which can be treated properly in analytical cal-
culations within the charge-spin separation �CSS� fermion-
spin theory,14,16 where the constrained electron operators are
decoupled as Ci↑=hi↑

† Si
− and Ci↓=hi↓

† Si
+, with the spinful fer-

mion operator hi�=e−i�i�hi describes the charge degree of
freedom together with some effects of spin-configuration re-
arrangements due to the presence of the doped charge carrier
itself while the spin operator Si describes the spin degree of
freedom, then the electron local constraint for the single oc-
cupancy is satisfied in analytical calculations. In this CSS
fermion-spin representation, the t-J model �Eq. �1�� can be
expressed as

H = t�
i�̂

�hi+�̂↑
† hi↑Si

+Si+�̂
− + hi+�̂↓

† hi↓Si
−Si+�̂

+ � − ��
i�

hi�
† hi�

+ Jeff�
i�̂

Si · Si+�̂, �2�

with Jeff= �1−	�2J, and 	= �hi�
† hi��= �hi

†hi� is the charge-
carrier doping concentration. For a understanding of the SC-
state properties of cuprate superconductors, the kinetic-
energy driven SC mechanism has been developed,13,14 where
the interaction between charge carriers and spins from the
kinetic-energy term in the t-J model �Eq. �2�� induces the
charge-carrier pairing state with the d-wave symmetry by
exchanging spin excitations, then the electron Cooper pairs
originating from the charge-carrier pairing state are due to
the charge-spin recombination, and their condensation re-
veals the SC ground state. In particular, it has been shown
that this SC state is a conventional BCS type with the d-wave
symmetry17 so that the basic BCS formalism with the d-wave
SC gap function is still valid in quantitatively reproducing all
main low-energy features of the SC coherence of quasiparti-
cles, although the pairing mechanism is driven by the kinetic
energy by exchanging spin excitations. Following our previ-

ous discussions,12 the electron Green’s function in the SC
state can be obtained in the Nambu representation as

G̃�k,
� = ZF

�0 + �̄Z�k��1 + 
̄k�3


2 − Ek
2 , �3�

where �0 is the unit matrix, �1 and �3 are Pauli matrices,
other notations are defined as same as in Ref. 12 and have
been determined by the self-consistent calculation.13,14

In the presence of impurities, the unperturbed electron
Green’s function �Eq. �3�� is dressed via the impurity
scattering,18–20

G̃I�k,
� = �
�

G̃I����k,
� = �G̃�k,
�−1 − �̃�k,
��−1, �4�

with the self-energy �̃�k ,
�=�����k ,
���. It has been
shown that all but the scalar component of the self-energy

function can be neglected or absorbed into �̄Z�k�.18–20 In this
case, the dressed electron Green’s function �Eq. �4�� can be
explicitly rewritten as

G̃I�k,
� = ZF
�
 − �0�k,
���0 + �̄Z�k��1 + �
̄k + �3�k,
���3

�
 − �0�k,
��2 − 
̄k
2 − �̄Z

2�k�
,

�5�

where the self-energies �0�k ,
� and �3�k ,
� are treated
within the framework of the T-matrix approximation as

�̃�k,
� = �iT̃kk�
� , �6�

where �i is the impurity concentration and T̃kk�
� is the di-
agonal element of the T matrix,

T̃kk��
� = Vkk��3 + �
k�

Vkk��3G̃I�k�,
�T̃k�k��
� , �7�

with Vkk� is the impurity-scattering potential and T̃kk��
�
=Tkk�

0 �
��0+Tkk�
3 �
��3. In our earlier work without consid-

ering the b̂-axis CuO chain-induced impurities,12 we have
discussed the effect of the extended isotropy impurity-
scattering potential on the quasiparticle transport in the
nonortho-II phase of cuprate superconductors within the

V

VV

V

3

2

4

1

FIG. 1. The anisotropic impurity scattering within the d-wave
case. V1, V2, V3, and V4 are potentials for intranode, adjacent-node
along the â-axis direction, opposite-node, and adjacent-node impu-

rity scattering along the b̂-axis direction scattering.
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nodal approximation of quasiparticle excitations and scatter-
ing processes, where there is no gap to the quasiparticle ex-
citations at the four nodes, and then the quasiparticles are
generated only around these four nodes. In this CuO2-plane
isotropic case, a general scattering potential Vkk� need only
to be evaluated in three possible cases:18,19 the intranode im-
purity scattering Vkk�=V1 �k and k� at the same node�, the
adjacent-node impurity scattering Vkk�=V2 �k and k� at the
adjacent nodes�, and the opposite-node impurity scattering
Vkk�=V3 �k and k� at the opposite nodes�. However, this
CuO2-plane isotropic case is broken in the presence of the
b̂-axis CuO chain-induced impurities in the ortho-II
YBa2Cu3O6.50 since the CuO chain-induced impurity-
scattering potential can be described by an anisotropic poten-
tial in the CuO2 planes.21 This simply assumes that the
screened Coulomb potential created by the CuO chain-
induced impurities produces a footprint sensed by quasipar-
ticles moving in the CuO2 planes.21 After incorporating this
b̂-axis CuO chain-induced anisotropy impurity scattering
into the extended isotropy impurity-scattering potential, the
total scattering potential Vkk� need to be evaluated in four
possible cases as shown in Fig. 1: the intranode impurity
scattering Vkk�=V1 �k and k� at the same node� and the
opposite-node impurity scattering Vkk�=V3 �k and k� at the

opposite nodes�, these two cases are the same as in the pre-
vious discussions in the nonortho-II phase of cuprate
superconductors.12 However, the adjacent-node impurity
scattering along the â-axis direction Vkk�=V2 �k and k� at
the â-axis adjacent nodes� is different from that along the

b̂-axis direction Vkk�=V4 �k, and k� at the b̂-axis adjacent
nodes� in the present discussions of the ortho-II
YBa2Cu3O6.50. In this case, the impurity-scattering potential
Vkk� in the T matrix is effectively reduced as

Vkk� → V� =�
V1 V2 V3 V4

V2 V1 V4 V3

V3 V4 V1 V2

V4 V3 V2 V1

	 . �8�

We emphasize that the anisotropy of the impurity-
scattering potential �then CuO2-plane microwave conductiv-
ity� has been reflected by this important difference between
the adjacent-node impurity-scattering strengths V2 and V4.
Now we follow our previous discussions12 and obtain explic-

itly the â-axis and b̂-axis microwave conductivities of the
ortho-II YBa2Cu3O6+y as

�a�
,T� = 4e2v f
2


−�

� d
�

2�

nF�
�� − nF�
� + 
�

�

�Re Ja�
� − i	,
� + 
 + i	� − Re Ja�
� + i	,
� + 
 + i	�� , �9a�

�b�
,T� = 4e2v f
2


−�

� d
�

2�

nF�
�� − nF�
� + 
�

�

�Re Jb�
� − i	,
� + 
 + i	� − Re Jb�
� + i	,
� + 
 + i	�� , �9b�

where nF�
� is the fermion distribution function, v f =�2t is the electron velocity at the nodal points, and the kernel function
Ja�
� ,
� and Jb�
� ,
� are given by

Ja�
�,
� =
I0

�0� + L1
a�I0

�0�I3
�3� + I0

�3�I3
�0��

�1 − �L1
aI0

�0� + L2
aI3

�0����1 − �L1
aI3

�3� + L2
aI0

�3��� − �L1
aI0

�3� + L2
aI3

�3���L1
aI3

�0� + L2
aI0

�0��
, �10a�

Jb�
�,
� =
I0

�0� + L1
b�I0

�0�I3
�3� + I0

�3�I3
�0��

�1 − �L1
bI0

�0� + L2
bI3

�0����1 − �L1
bI3

�3� + L2
bI0

�3��� − �L1
bI0

�3� + L2
bI3

�3���L1
bI3

�0� + L2
bI0

�0��
, �10b�

where the functions L1
a, L2

a, L1
b, and L2

a are expressed as

L1
a�
�,
� = �i�T11

0 �
��T11
0 �
� + 
� + T11

3 �
��T11
3 �
� + 
� − T12

0 �
��T12
0 �
� + 
� − T12

3 �
��T12
3 �
� + 
� − T13

0 �
��T13
0 �
� + 
�

− T13
3 �
��T13

3 �
� + 
� + T14
0 �
��T14

0 �
� + 
� + T14
3 �
��T14

3 �
� + 
�� , �11a�

L2
a�
�,
� = �i�T11

0 �
��T11
3 �
� + 
� + T11

3 �
��T11
0 �
� + 
� − T12

0 �
��T12
3 �
� + 
� − T12

3 �
��T12
0 �
� + 
� − T13

0 �
��T13
3 �
� + 
�

− T13
3 �
��T13

0 �
� + 
� + T14
0 �
��T14

3 �
� + 
� + T14
3 �
��T14

0 �
� + 
�� , �11b�

L1
b�
�,
� = �i�T11

0 �
��T11
0 �
� + 
� + T11

3 �
��T11
3 �
� + i
� + T12

0 �
��T12
0 �
� + 
� + T12

3 �
��T12
3 �
� + 
� − T13

0 �
��T13
0 �
� + 
�

− T13
3 �
��T13

3 �
� + 
� − T14
0 �
��T14

0 �
� + 
� − T14
3 �
��T14

3 �
� + 
�� , �11c�

L2
b�
�,
� = �i�T11

0 �
��T11
3 �
� + 
� + T11

3 �
��T11
0 �
� + 
� + T12

0 �
��T12
3 �
� + 
� + T12

3 �
��T12
0 �
� + 
� − T13

0 �
��T13
3 �
� + 
�

− T13
3 �
��T13

0 �
� + 
� − T14
0 �
��T14

3 �
� + 
� − T14
3 �
��T14

0 �
� + 
�� , �11d�
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and the functions I0
�0��
 ,
�� and I3

�0��
 ,
�� are evaluated in
terms of the dressed Green’s function �Eq. �5�� as

I0
�0��
,
���0 + I0

�3��
,
���3 =
1

N
�
k

G̃I�k,
�G̃I�k,
 + 
�� ,

�12a�

I3
�0��
,
���0 + I3

�3��
,
���3 =
1

N
�
k

G̃I�k,
��̃3G̃I�k,
 + 
�� .

�12b�

It is clearly that if the effect of the b̂-axis CuO chain-induced
impurities is neglected, i.e., V2=V4, this leads to L1

a�
� ,
�
=L1

b�
� ,
� and L2
a�
� ,
�=L2

b�
� ,
�, and then the â-axis

and b̂-axis microwave conductivities in Eq. �9� are reduced
to the isotropic one12 �a�
� ,
�=�b�
� ,
�=��
� ,
�.

III. ENERGY AND TEMPERATURE DEPENDENCES

OF THE â-AXIS AND b̂-AXIS MICROWAVE
CONDUCTIVITIES FOR THE ORTHO-II YBa2Cu3O6.50

In cuprate superconductors, although the values of J and t
are believed to vary somewhat from compound to
compound,2 however, as a qualitative discussion, the com-
monly used parameters in this paper are chosen as t /J=2.5,
with an reasonably estimative value of J�1000 K. We are
now ready to discuss the energy and temperature depen-

dences of the â-axis and b̂-axis quasiparticle transport of the
ortho-II YBa2Cu3O6.50 with the extended anisotropy impurity
scattering. We have performed a calculation for the energy

dependence of the â-axis and b̂-axis microwave conductivi-
ties �a�
 ,T� and �b�
 ,T� in Eq. �9� at low temperatures, and
the results of �a�
 ,T� �top panel� and �b�
 ,T� �bottom
panel� as a function of energy with temperature T=0.002J
=2 K �solid line�, T=0.004J=4 K �dash-dotted line�, and
T=0.008J=8 K �dashed line� under the slightly strong
impurity-scattering potential with V1=100J, V2=90J, V3
=30J, and V4=30J at the impurity concentration �i
=0.00002 for the doping concentration 	=0.15 are plotted in
Fig. 2 in comparison with the corresponding experimental
results8 of the ortho-II YBa2Cu3O6.50 �inset�. It is clearly that
the anisotropy of the energy evolution of the low-
temperature microwave conductivity of the ortho-II
YBa2Cu3O6.50 is qualitatively reproduced,8,9 where quasipar-
ticle spectral weights differ by a factor of 2 between the

â-axis and b̂-axis directions. Moreover, although the cusplike

line shapes are observed along both â-axis and b̂-axis direc-
tions as in the previous case in the nonortho-II phase of
cuprate superconductors,12 the width of the â-axis spectrum
is significantly broadened. This broadening is only attributed
to increased quasiparticle scattering arising from the
CuO chain-induced impurities. In comparison with our

previous results for the nonortho-II phase of cuprate
superconductors,12 the present results of the anisotropy there-
fore confirm that the CuO chain-induced impurity is the
dominant source of the anisotropy in the microwave-
conductivity spectrum of the ortho-II YBa2Cu3O6.50.

9

In the above discussions of the low-temperature and low-
energy cases, the inelastic quasiparticle-quasiparticle scatter-
ing process has been dropped since it is suppressed at low
temperatures and low energies due to the large SC gap pa-
rameter in the quasiparticle excitation spectrum. For a better
understanding of the anisotropy in the microwave-
conductivity spectrum, we now turn to discuss the tempera-
ture dependence of the quasiparticle transport of the ortho-II
YBa2Cu3O6.50, where T may approach to Tc from low-
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FIG. 2. The microwave conductivities of the â-axis �top panel�
and b̂-axis �bottom panel� as a function of energy with T=0.002J
=2 K �solid line�, T=0.004J=4 K �dash-dotted line�, and
T=0.008J=8 K �dashed line� at �i=0.00002 for t /J=2.5 with
V1=100J, V2=90J, V3=30J, and V4=30J in 	=0.15. Inset: the cor-
responding experimental result of the ortho-II YBa2Cu3O6.50 taken
from Ref. 8.
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temperature side and therefore the inelastic quasiparticle-
quasiparticle scattering process should be considered.19 The
contribution from this inelastic quasiparticle-quasiparticle
scattering process is increased rapidly when T approaches to
Tc from low-temperature side since there is a small SC gap
parameter near Tc. In particular, it has been pointed out22 that
the contribution from the quasiparticle-quasiparticle scatter-
ing process to the transport lifetime is exponentially sup-
pressed at low temperatures, and therefore the effect of this
inelastic quasiparticle-quasiparticle scattering can be consid-
ered by adding the inverse transport lifetime20 �inel

−1 �T� to the
imaginary part of the self-energy function �0�
� in Eq. �5� as
in our previous discussions,12 then the total self-energy func-
tion �0

tot�
� can be expressed as12,19,22 �0
tot�
�=�0�
�

− i�2�inel�T��−1, with �inel�T� has been chosen as

�2�inel�T��−1=2�104�T−0.002�4J. Using this total self-

energy function �0
tot�
� to replace �0�
� in Eq. �5�, we have

performed a calculation for the temperature dependence of

the â-axis and b̂-axis microwave conductivities �a�
 ,T� and
�b�
 ,T�, and the results of �a�
 ,T� and �b�
 ,T� as a func-
tion of temperature T with energy 
=0.0000547J

1.14 GHz �solid line�, 
=0.0001094J
2.28 GHz �dash-
dotted line�, 
=0.0006564J
13.4 GHz �dashed line�, and

=0.001094J
22.8 GHz �dotted line� under the slightly
strong impurity-scattering potential with V1=100J, V2=90J,
V3=30J, and V4=30J at the impurity concentration �i

=0.00002 for the doping concentration 	=0.15 are plotted in
Fig. 3. For comparison, the corresponding experimental
results8 of the ortho-II YBa2Cu3O6.50 are also plotted in
Fig. 3 �inset�. Obviously, the overall temperature dependence
is similar to that of the temperature dependence of the mi-
crowave conductivity in the nonortho-II phase of cuprate

superconductors,12 where both â-axis and b̂-axis
temperature-dependent microwave conductivities �a�
 ,T�
and �b�
 ,T� increases rapidly with increasing temperatures
to a broad peak, and then falls roughly linearly. In particular,
this broad peak shifts to higher temperatures as the energy
increased. However, the spectral width is evidently aniso-
tropic, where the spectral width of the â-axis microwave
conductivity �a�
 ,T� is larger than the corresponding value

of the b̂-axis one. Moreover, the peak position of the â-axis
microwave conductivity �a�
 ,T� is located at higher tem-

perature than the corresponding value of the b̂-axis one, in
qualitative agreement with the experimental data of the
ortho-II YBa2Cu3O6.50.

8,9

In our present theory, the anisotropy of the microwave
conductivity reflects directly from the electron vertex correc-
tion due to the extended anisotropy impurity-scattering po-
tential. However, it has been shown that for all scattering
strength the thermal vertex correction is negligible compared
to the electron one,18 therefore we expects the heat transport
of the ortho-II YBa2Cu3O6.50 to be CuO2-plane isotropic.
This is a unique feature of our theory that is different from
the other theory10 in which the Fermi surface is assumed to
be altered and thus the heat transport may be also aniso-
tropic. This should be verified by further experiments.

IV. SUMMARY

Within the framework of the kinetic-energy driven SC
mechanism, we have studied the anisotropy in the
microwave-conductivity spectrum recently observed8,9 in the
ortho-II YBa2Cu3O6.50. The ortho-II YBa2Cu3O6.50 is charac-

terized by a periodic alternative of filled and empty b̂-axis
CuO chains. The extended anisotropy impurity-scattering-
potential results when the extended isotropy impurity-
scattering potential in the CuO2 planes incorporates the

b̂-axis CuO chain-induced impurity-scattering potential.
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FIG. 3. The microwave conductivities of the â axis �top panel�

and b̂ axis �bottom panel� as a function of temperature with energy


1.14 GHz �solid line�, 

2.28 GHz �dash-dotted line�,


13.4 GHz �dashed line�, and 

22.8 GHz �dotted line� at
�i=0.00002 for t /J=2.5 with V1=100J, V2=90J, V3=30J, and
V4=30J in 	=0.15. Inset: the corresponding experimental result of
the ortho-II YBa2Cu3O6.50 taken from Ref. 8.
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Based on the nodal approximation of the quasiparticle exci-
tations and scattering processes, we have calculated the

â-axis and b̂-axis microwave conductivities with the ex-
tended anisotropy impurity scattering, and reproduced the

main features8,9 of the anisotropy in the microwave-
conductivity spectrum of the ortho-II YBa2Cu3O6.50, includ-
ing the intensity and line shape of the energy and tempera-

ture dependences of the â-axis and b̂-axis microwave

conductivities. Our results also confirm that the b̂-axis CuO
chain-induced impurity is the main source of the anisotropy.9
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